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ABSTRACT

By a cyclic layer of a finite Galois extension, E/K, of fields one means
a cyclic extension, L/F, of fields where E D L D F D K. Let C(E/K)
denote the subgroup of the relative Brauer group, Br(E/K), generated by
the various subgroups cor(Br(L/F)) as L/F ranges over all cyclic layers of
E/K and where cor denotes the corestriction map into Br(E/K). We show
that for K global, [Br(E/K) : C(E/K)] < oo and we produce examples
where C(E/K) # Br(E/K).

Let F be a finite Galois extension of a field K with Galois group G and let
Br(E/K), the relative Brauer group of E/K, denote the subgroup of the Brauer
group, Br(K), of K consisting of those Brauer classes of finite dimensional central
simple K-algebras which are split by E. If G is cyclic, the structure of Br(E/K)
is well understood; one has Br(E/K) = K*/N(E*) where N denotes the norm
map from E to K [P, Proposition 15.1b]. For arbitrary E/K, however, very
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little is known about the structure of Br(E/K). Perhaps the most successful
technique for obtaining results in the general case involves the corestriction map
from cyclic layers of E/K. In this paper we are concerned with the question of
whether “most” elements of Br(E/K) are obtained in this manner.

By a cyclic layer of E/K we mean a Galois extension of fields L/F with
cyclic Galois group where E D L D F D K. Let cork, denote the corestriction
homomorphism from Br(F) to Br(K); one verifies easily that cork(Br(L/F)) C
Br(E/K). Let C(E/K) denote the subgroup of Br(E/K) generated by the various
subgroups corf; (Br(L/F)) taken over all cyclic layers L/F of E/K. Several
results in the literature assert that, under mild hypotheses on K, Br(E/K) is
necessarily infinite if £ # K; these hypotheses include K finitely generated
over a global field [FKS, Theorem 8] and K the function field of an absolutely
irreducible variety over a field M where the transcendence degree of K over M
is at least two [FS, Corollary 5]). These results are obtained by showing that
C(E/K) is infinite. This raises the basic question with which we are concerned
here: what is the relationship between Br(E/K) and C(E/K)? In this generality
this question appears unapproachable with our present knowledge of relative
Brauer groups. We focus here on the case when K is a global field where more
detailed information about relative Brauer groups is available. For K global,
we show that C(E/K) contains all elements of Br{£/K) of prime order and that
C(E/K) always has finite index in Br(E/K). We also show that if E is everywhere
unramified over K and every Sylow subgroup of G either has prime exponent or
is abelian, then Br(E/K) = C(E/K); in contrast, if F is everywhere unramified
over K and G is the quaternion group of order 8, then Br(E/K) # C(E/K).

Throughout this paper K will be a global field and E will be a fixed finite
Galois extension of K with Galois group G. By a global field we mean either an
algebraic number field or an algebraic function field of transcendence degree one
over a finite field. Before establishing the notation we will be using, we briefly
discuss the role that ramification plays in the questions we are concerned with.

It is not difficult to show (see Proposition 3 below) that C(F/K) has exponent
equal to the exponent of G. (By the exponent of a group we mean the least
common multiple of the orders of its elements.) It is possible, however, for
Br(E/K) to have larger exponent. As an illustration of this, C(Q(v/2,v/3)/Q) has
exponent 2 but Br(Q(v/2, v3)/Q) contains elements of order 4 [S, Theorem 3.1].
Elements of Br(E/K) having order not dividing the exponent of G necessarily
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have a non-zero Hasse invariant at a prime of K ramified in F. In particular,
elements of Br(E/K) “unramified” in the sense that they have non-zero Hasse
invariant only at primes of K unramified in F have order dividing the exponent
of G and so are candidates to be in C(E/K). For this reason, we focus attention
on these “unramified” elements. If E is everywhere unramified over K, then all

elements of Br(E/K) are “unramified” in the above sense.

Let © be a prime of K and let E O L O K. We denote the completion of K
at 7 by K,. If v is a prime of L extending 7, we refer to [L,: K,] as the local
degree of v over K. We say that 7 is unramified in L if all extensions of = to L
are unramified over K. We define 7 to be undecomposed in L if 7 has a unique
extension 6 to L which is unramified over K; if 7 is undecomposed in L and ¢
extends 7 to L, then § has local degree [L: K] over K. Suppose 7 is unramified in
E and 6 is some extension of 7 to E. Then Gal{Es/K ) is cyclic with canonical
generator the Frobenius automorphism, say o, of §. A different choice of § yields
a conjugate of o as corresponding Frobenius automorphism and all conjugates of

o arise in this way.

We will use freely the basic results of Albert, Brauer, Hasse, and Noether which
classify the elements of Br(K') by means of Hasse invariants; we refer the reader
to [P, Chapter 18] for an exposition of this theory. We summarize below several
of the main results of this theory that we will frequently use.

Let & € Br(K). If 7 is a prime of K, we denote the Hasse invariant of « at = by
inv,;{c). Then inv, () € Q/Z and we view inv, () as a rational number in lowest
terms in [0,1). Let H denote the subgroup of (Q/Z), the direct sum of copies
of Q/Z indexed by the set of primes 7 of K, consisting of those elements (b, ) such
that > by = 0 and such that b, € {0,1/2} if 7 is real Archimedean and b, =0
if 7 is complex. The map INV: Br(K) — H defined by INV(a) = (inv,(a))
is an isomorphism between Br(K') and H [P, Theorem 18.5]. The denominator
of inv,(a) is called the local index of a at 7 and denoted 1.i..(a). The order
of a in Br(K) is denoted by exp(«); exp(a) is the least common multiple, taken
over all primes of K, of the local indices of a [P, Proposition 18.6 and Theorem
18.6]. Let L be a finite separable extension of K. Then L splits « if and only if
for all primes 7 of K, 1.i.x(a) divides [Ls: K| for all extensions § of 7 to L [P,
Corollary 18.4b|. If L splits «, then exp(a) divides [L: K] [P, Proposition 14.4a).
p will always denote a prime. We denote the p-primary component of Br(L/K)
by Br(L/K),. Br(L/K) is the direct sum of its subgroups Br(L/K), as p ranges
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over the finitely many primes dividing [L: K].

Let 8 € Br(L). In what follows, we will make frequent use of the following
important formula for the Hasse invariants of cork(8) € Br(K); for a proof of
this result, see [CF, page 187].

LEMMA 0: Let L be a finite separable extension of K, let § € Br(L), let 7 be a
prime of K, and let 7y,... , 7, be the primes of L extending w. Then

t

invo(cor (8)) = Y invy,(8)

=1

It will be convenient to have a notation for the “unramified” elements of
Br(E/K).

Definition: Br(E/K)un is the subgroup of Br(E/K) consisting of those o €
Br(F/K) such that if inv,(a) # 0, then 7 is unramified in E.

We begin our discussion by singling out particularly convenient sets of gener-
ators for Br(E/K) and Br(E/K)yx.

Definition: An element o € Br(K) is basic if it has non-zero Hasse invariant at
precisely two primes of K.

We note that if @ € Br(K) is basic and 7; and 72 are the primes of K at which
« has non-zero Hasse invariant, then inv,, (o) = —inva,(a). Also, if 71 and 7
are distinct primes of K and n is a possible value for the local index at m; and
7o of an element of Br(K), then there exists a basic element of order n having
non-zero Hasse invariants precisely at 71 and 7. Both assertions are immediate

consequences of the Hasse-Brauer-Noether-Albert Theorem [P, Theorem 18.5).

LEMMA 1: Let 8 € Br(E/K) (respectively, Br(E/K)u,) have order m. Then
B can be expressed as a sum } .. a; of basic elements of Br(E/K) (respectively,
Br(E/K)un) of prime power order dividing m.

Proof: 'We give the proof for Br(E/K); the argument for Br(E/K ), is identical.
We may clearly assume that exp(§) = p" where p is prime. We proceed by
induction on the number n of primes = of K with inv.(8) # 0. Then n > 2 and
if n = 2, then (3 is already a basic element of the same order. Assume inductively
that the result is true for elements of Br(E/K') with non-zero Hasse invariants at
less than n primes of K and suppose n > 2. There exists a prime m; of K with
Lir, (B) = p”. Since the sum of the Hasse invariants of 3 equals 0, there must
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be at least two such primes, say 7} and 72. Let a € Br{K) be the basic element
such that inv,, (¢) = —inv,, (8) and inv,,(a) = inv,, (). Since 8 € Br(E/K),
all extensions of m; in E have local degree divisible by p” for ¢ = 1,2. It follows
that F also splits @ and so « is a basic element of Br(E/K) of order p™. Let
v =8+ a € Br(E/K). Then invg, (v) = inv,, () + inv,, (&) = 0 and so v
has non-zero Hasse invariants at less than n primes of K. By our inductive
hypothesis, v is a sum of basic elements of Br(E/K), each of order dividing p".
But then 8 = (p" — 1)a + v is a sum of basic elements of Br(E/K) of order
dividing p”, completing the induction. |

As an application of Lemma 1, we show that Br(E/K),, has finite index in
Br(E/K).

PROPOSITION 2: [Br(E/K): Br(E/K)un] < oco.

Proof: 1t is clearly enough to prove that for each prime p, (Br(E/K)yn), has
finite index in Br(E/K),. Let p be prime and let P = {y,..., 7} denote the
set of primes of K ramified in E. Let R; denote the set of basic elements of
Br(E/K), having non-zero Hasse invariant only at primes in P. R; is finite
since P is finite and the order of any element of R; divides [E: K]. For each
u with p* dividing [E: K] and each ¢ with 1 < @ < ¢, choose, if such exists, a
basic element of Br(E/K), not in R; which has order p* and non-zero Hasse
invariant at 7;. Let Ry be the (finite) set of basic elements chosen. By Lemma 1,
it suffices to prove that for each basic element 8 of Br(E/K),, 8+ (Br(E/K )un)p
is in the subgroup of Br(E/K),/(Br(E/K)un), generated by the finitely many
cosets a + (Br(E/K)un)p for a € Ry U Ry.

Suppose (3 is a basic element of Br(E/K), and suppose that = and § are the
primes of K at which § has non-zero Hasse invariant. If m and 6 are both in
P, then B € Ry; if m and é are both unramified in £, then 8 € (Br(E/K )un)p-
Assume then that 7 € P and 6 is unramified in E. Let inv,(8) = a/p*. Since
B ¢ R1, by our choice of R there exists a basic element a € Ry with inv.(a) =
b/p® for some b. Let v be the other prime of K at which a has non-zero Hasse
invariant. Since o € Ry, 7 is unramified in E. Since (a,p) = (b,p) = 1, there
exists ¢ with bc = a (mod p”). But then inv,(8 - ca) = 0. It follows that 8 — ca
can have non-zero Hasse invariant only at 6 and vy and so B—ca € (Br(E/K )uyn)p-
Thus 8+ (Br(E/K)un)p = ca+ (Br(E/K )un)p- 1

For the convenience of the reader, we isolate two definitions made earlier.
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Definition:
(1) A cyclic layer L/F of E/K is a Galois extension of fields L/F with cyclic
Galois group with ED LD F D K.
(2) C(E/K) is defined to be the subgroup of Br(K) generated by the various
subgroups corf (Br(L/F)) taken over all cyclic layers of E/K.

We next justify several assertions made in the introduction.

PROPOSITION 3:
(1) Let L/F be a cyclic layer of E/K. Then cork (Br(L/F)) C Br(E/K).
(2) The exponent of C(E/K) equals the exponent of G.
(3) The exponent of Br(E/K )y, equals the exponent of G.

Proof: (1) Let 8 € Br(L/F). Then g is split by L so 3 is split by E. Thus
B € Br(E/F) = H*(H,E*) where H = Gal(E/F). cork: Br(E/F) —
Br(K) corresponds to the cohomological corestriction map cor§, : H2(H, E*) —
H?*(G, E*) = Br(E/K). It follows that cork (Br(L/F)) C Br(E/K).

(2) Suppose first that L/F is a cyclic layer of E/K and 8 € Br(L/F). Let o
generate Gal(L/F) and let 7 be some extension of o to E. Then 7 € Gal(E/F) C
G. If 7 has order m, then o™ is the identity automorphism of L and so the order of
o, [L: F), divides m. In particular, [L: F)] divides the exponent of G. Since corfy
is a homomorphism, exp(cork(8)) divides exp(8). Since exp(3) divides [L: F1,
exp(cork; (B)) divides the exponent of G and so the exponent of C(E/K) divides
the exponent of G. Conversely, suppose p is a prime and p” divides the exponent
of G. We must produce an element of C(E/K) of order p". By assumption, there
exists 0 € G of order p”. By the Tchebotarev Density Theorem {J, Theorem 10.4],
there exist infinitely many primes of E having ¢ as Frobenius automorphism. Let
7y and 79 be distinct primes of K unramified in F and having extensions §; and
§9 to E with ¢ as Frobenius automorphism. Let F = E° and let 73 and 7
be, respectively, the restrictions of §; and é2 to F. Then +; has local degree
1 over K and is undecomposed in E. Thus [Es,: F,,] = p" for i = 1,2. Let
B € Br(F) be a basic element having local index p” at v and 7. Then E splits
B so B € Br(E/F). Since E/F is a cyclic layer of E/K, cork(f) is an element
of C(E/K); C(E/K) has order p" by Lemma 0.

(3) Since only finitely many primes of K ramify in E, the element 3 constructed
in the proof of (2) can be chosen so that corl;(3) € Br(E/K)un. It follows that
the exponent of G divides the exponent of Br(E/K),,. Conversely, suppose p is
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a prime and o € Br(E/K),, has order p'. We must show that G contains an
element of order pt. Let 7 be a prime of K at which a has local index p* and let
4 be an extension of 7 to E. Since a € Br(E/K )y, 7 is unramified in F. Let o
be the Frobenius automorphism of 6, let F' = E?, and let v denote the restriction
of 6 to F. Then v has local degree 1 over K and is undecomposed in E. Since
E splits a, p* divides [Es: F,]. Since Gal(Es/F,) C G is cyclic, it contains an
element of order p*. Thus ¢ contains an element of order p. 1

Our next result gives a sufficient condition for basic elements of Br(E/K )y, to
be elements of C(E/K).

PROPOSITION 4: Let o be a basic element of Br(E/K),, and let 71 and my
be the two primes of K where o has non-zero Hasse invariant. Let o; be the
Frobenius automorphism of some extension of w; to FE fori = 1,2. If oy and o4
are conjugate in G, then o € C(E/K).

Proof: Assume that oy and o2 are conjugate in G. Since every conjugate of og
is the Frobenius automorphism of some extension of 75 to F, we may assume
that 01 = 02. Let ¢ = 01 = 02 and let §; be an extension of 7; to E having
o as Frobenius automorphism for i = 1,2. Let F = E{®) and let v; denote the
restriction of §; to I for ¢ = 1,2. Then F.,, = K, and 7; is undecomposed in F
for i = 1,2. Let 3 € Br(F') be the basic element such that inv., (8) = inv,,(a)
for ¢ = 1, 2. Since E splits «, the local degree over K of every extension to E of
m and 7o is divisible by exp(a). It follows that every extension to E of 4; and
2 has local degree over F' divisible by exp(3) = exp(«). Thus E splits 8 and so
B € Br(E/F). By definition of 3 and Lemma 0, a = corfz(8). Since E/F is a
cyclic layer of E/K, a € C(E/K). |

We are now able to prove our first main result.

THEOREM 5: Let E be a finite Galois extension of the global field K. Then
C(E/K) is a subgroup of Br(E/K) of finite index.

Proof: Suppose for every prime p that (Br(E/K)y,/(C(E/K)NBr(E/K)un))p
is finitely generated. Since the order of any element of Br(E/K) divides [E: K],
it follows that C(E/K) N Br(E/K )un has finite index in Br(E/K)y,. By Lemma
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2, Br(E/K)/Br(E/K)un is a finite group. It follows that

|Br(E/K)/C(E/K)]
=|Br(E/K}/C(E/K) B{E/K)u| - [C(E/K) Br(E/ K }un/C(E/K)|
<|Br(E/K)/Br(E/K)un| - | Br(E/K)un/(C(E/K) N Br(E/K)un)| < 00.

It remains to show that there exists a finite set of generators for the p-primary
component of Br(E/K )y, /(C(E/K)NBr(E/K)un)- Let P be a Sylow p-subgroup
of ¢ = Gal(E/K). For each (g1,02) € P x P, choose a fixed ordered pair
(my,m2) of primes of K unramified in E with m; # m, such that, for ¢ = 1,2,
o; is the Frobenius automorphism of some extension to E of w;; the existence
of m; and 73 is a consequence of the Tchebotarev Density Theorem [J, Theorem
10.4]. We denote .(m,72) by w(01,02). For each (01,02) € P x P, let p” =
min{| (o1} |,| {(o2) |} and let a(o1,02) be the basic element of Br(K) such that
inv,, (a(o1,02)) = (—1)*/p" for i = 1,2. Since o; is the Frobenius automorphism
of some extension §; to E of m;, §; has local degree |(o;)| over K. Since E
is Galois over K, every extension of m; to E has local degree divisible by p".
It follows that a(o1,02) is a basic element of Br(E/K )y, of order p”. We will
show that the cosets a(o1,07) + (C(E/K) N Br(E/K)yn) for (01,02) € P x P
generate the p-primary component of Br(E/K)un/(C(E/K) N Br(E/K)us). By
Lemma 1, it suffices to show that if 8 is a basic element of p-power order in
Br(E/K)un, then 8 — ca(o1,02) € C(E/K) NBr(E/K)ux, for some integer ¢ and
some (01,02) € P x P.

Let B € Br(E/K)un be a basic element of order p* and let 6, and 62 be the
primes of K at which 8 has non-zero Hasse invariant. Let inve, (8) = b/p'
where (b,p) = 1. Then invg,(8) = —b/p*. Since the Sylow subgroups of G
are conjugate, each 6; has an extension to E whose Frobenius automorphism
o; is in P. Let (w1, m) = m(01,02) and let a = a(oy,02). Then exp(a) = p”
where p” = min{|(01)],]{(g2)|}. Moreover, the local degree over K of each
extension to F of §; divides p". Since E splits 8, r > t. We will show that
B+bp ta(oy,02) € C(E/K)NBr(E/K)yn.

By definition, inv,, (a) = —1/p" and inv,(a) = 1/p". We define a; € Br(K)
for i = 1,2 as follows. If ; = m;, we set a; = 0. If §; # m;, we define o; to be
the basic element of Br(K) such that inve,(a;) = (—1)**'b/p' and inv,, (o) =
(—1)'b/p'. Then (B + bp"~'a and ay + a3 have the same Hasse invariants and
so B+ bp""ta(o1,02) = a1 + ag. Since E splits both 8 and «, every prime
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of E extending one of 8y, 83, w1, or m has local degree over K divisible by
p'. Thus each a; € Br(E/K),u,. By Proposition 4, each a; € C(E/K) and so
B+bp"talor,02) = a1+ ay € C(E/K)NBr(E/K)yn- |

We next turn to the question of which elements of Br(E/K) are in C(E/K)
and begin with an easy reduction result.

LEMMA 6: Suppose E O M D K and « is a basic element of Br(E/K). Assume
that there exists 3 € C(E/M) with cor (8) = a. Then a € C(E/K).

Proof: By assumption, there exist cyclic layers Ly/Fy, ..., L/ F; of E/M and
elements §; of Br(L;/F;) for j = 1,...,t such that 3 = Z;=1 cori}' (B;). But
then
t t
a = cor (B) = Zcor% corfj(ﬂj) = Zcor? (B;) € C(E/K)

i=1 j=1
since L;/F; is also a cyclic layer of E/K. [ |
We next reduce to the case when G is a p-group.

PROPOSITION 7: Let P be a Sylow p-subgroup of G and let M = E”.
(1) If By(E/M) = C(E/M), then Br(E/K), = C(E/K),.
(2) If Br(E/M)un C C(E/M), then (Br(E/K)un)p - C(E/K)p.

(3) If every element of order p in Br(E/M) is in C(E/M), then every element
of order p in Br(E/K) is in C(E/K).

Proof: 'We only prove (1); (2) and (3) are proved by a similar argument. Assume
that Br(E/M) = C(E/M). By Lemma 1, it is sufficient to prove that all basic
elements of Br(E/K), lie in C(E/K). Let o be a basic element in Br(E/K), and
let m; and 7o be the primes of K at which o has non-zero Hasse invariant. Fix ¢
with 1 < ¢ < 2. The sum of the local degrees over K of the various extensions of
m; to M equals [E: M| [W, Theorem 2-4-6]. Since [E: M] = |P|, (p,[M: K]) = 1.
It follows that there exists a prime 4; of M baving local degree over K which
is prime to p. Let §; denote an extension of v, to E. Since E splits o, exp(a)
divides [Es;: Kr,] = [Es;: M,|[M,,: K] and so exp(a) divides [Es,: M.,,] for
i=1,2. Let 3 € Br(M) be the basic element such that inv.,(8) = inv,,(a) for
i =1,2. Then F splits 8 so 8 € C(E/M) by hypothesis. Since cor}/(3) = a by
Lemma 0, a € C(E/K) by Lemma 6. |
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We will see later that there exist examples where, with context as in Proposition
7,Br(E/K), =C(E/K), but Br(E/M), # C(E/M),. We next consider a special
case when G is a 2-generator abelian p-group.

LEMMA 8: Assume that G = {a,) X (o9) where | {5;)| =p" fori =1,2. Let o be
a basic element of Br(E/K) of order p” and let m; and w5 be the primes of K at
which o has non-zero Hasse invariant. Let §; and 8 be primes of E extending

my and 7y, respectively. Assume that one of the following holds:

(1) Gal(Es,/Kx,) = (0;) fori =1,2;

(2) Gal(Es,/Kx,) = (01) % {a3) fori=1,2;

(3) Gal(Es,/Kxr,) = (1) % (02) and Gal(Es,/Kx,) = (02);
(4) Gal(Es,/Kr,) = (01) x (02) and Gal(Es,/Kx,) = (01).

Then a € C(E/K).

Proof: If (2) holds, then =; is undecomposed in E?' for i = 1,2. Since
[E°: K] = p", it follows that E°' splits a. Since E°'/K is a cyclic layer of
E/K and a € Br(E°1/K), a € C(E/K). Thus we may assume that either (1),
(3), or (4) holds. Let T = E°1°2. T/K is a cyclic layer of E/K and so it suffices
to prove that T splits . This is equivalent to showing that ; is undecomposed
in T for ¢ = 1,2. Let Z; denote the decomposition field of m; in T for 1 = 1, 2.
We must show that 7, = Zy = K.

Suppose (1) or (3) holds. Since Gal(Es,/Kx,) = (02), m2 splits completely
in E?2 but not in any proper extension of £72 inside of E. Since 73 also splits
completely in Zs, mo splits completely in Z; E°2. It follows that Zo C E°2. But
Zo CTandso Zo CTNE. Since G = (0102,02), TNE?? = K andso Z; = K
as was to be shown. If (1) holds, a similar argument shows that Z; = K also.
If (3) holds, then m; is undecomposed in E and so 7y is undecomposed in T'. In
particular, Z; = K. The case when (4) holds follows by symmetry. |

We are finally in a position to prove that elements of Br(E/K) of prime order
lie in C(E/K).
THEOREM 9: Let E be a finite Galois extension of the global field K. Then
C(E/K) contains all elements of Br(E/K) of prime order.

Proof: By Proposition 7(3), we may assume that G = Gal(E/K) is a p-group for
some prime p. If G is cyclic, then E/K is a cyclic layer of E/K so a € C(E/K).
Thus we may assume that G is not cyclic. By Lemma 1, it suffices to prove that
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basic elements of order p in Br(E/K) are in C(F/K). Let a be a basic element of
order p in Br(E/K) and let 7, and 72 be the primes of A at which a has non-zero
Hasse invariant. Let §; be an extension to F of «; for ¢ = 1,2. Since F splits o,
p divides | Gal(Es, /Kx,)| for i = 1,2. Let o; be an element of Gal(E;s,/K.,) of
order p for ¢ = 1,2. We show next that we may assume that G = (o}, 72).

Let H = {0y,03), let N = E™ and let +; denote the restriction of §; to N for
i = 1,2. Let § € Br(N) be the basic element of order p such that inv.,(8) =
inv,,(a). Then cor}(B) = a. We claim that § € Br(E/N). Let N; = E% and
let A; denote the restriction of 6; to N; for ¢ = 1,2. Then [Es,: (N;)»,] = p and
so p divides [Es,: N.,,] for i = 1,2. Since E is a Galois extension of N, p divides

the local degree over N of every extension of v; to E. It follows that E splits
B. By Lemma 6, if 8 € C(E/N), then a € C(E/K). Thus, replacing o by 3, we
may assume that G = (01, 09).

Let ®(G) denote the Frattini subgroup of G and let M be the fixed field of ®(G).
Since G is a non-cyclic two generator p-group, M is a Galois extension of K with
Galois group elementary abelian of order p?. Let 7; = 0,®(G) € Gal(M/K) so
Gal(M/K) = {m1) x (). Since Gal(M/K) is not cyclic, o; ¢ ®(G) fori =1,2. In
particular, for ¢ = 1,2, m; does not split completely in M and so every extension
of m; to M has local degree over K divisible by p. It follows that & € Br(M/K).
Since cyclic layers of M/K are also cyclic layers of F/K, we may assume that
E=M.

We are now reduced to the following situation: Gal(E/K) = (01) x (o) where
o1 and o2 each have order p and o; € Gal(Es, /K,,) for i = 1,2. Since ¢; has
order p for i = 1,2, one of the cases (1)~(4) of Lemma 8 must hold and so
a € C(F/K). ]

We turn next to the question of which elements of Br(E/K),, are in C(E/K).
We begin by considering the case when G is an abelian p-group.

LEMMA 10: Assume that G is an abelian p-group. Then Br(E/K)y, C C(E/K).

Proof: By Lemma 1, it suffices to prove that each basic element in Br(E/K )y,
is in C(E/K). Let a be a basic element of order p™ in Br(E/K )y, and let m;
and 7y be the primes of K at which o has non-zero Hasse invariant. Since o €
Br(E/K)un, 71 and x5 are unramified in E. Let §; be an extension to E of 7; for
i =1,2. Gal(Es,/Kax,) is cyclic and, since F splits o, p” divides | Gal(Es, /K.,,)]
for i = 1,2. Let o; be an element of Gal(Es,/K,,) of order p" for i = 1,2.
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Arguing exactly as in the proof of Theorem 9, we may assume that G = (01, 02).
Since G has exponent p”, Gal(Es,/K,,) is cyclic, and o; € Gal(Es, /Ky,), it
follows that Gal(Es, /Ky,) = (o) for i = 1,2. By Lemma 8, we may assume that
G # (1) % {02) and so |G| < p*".

Since o has maximal order in G, there exists o3 € G such that G = (01) % (03).
Assume that |(o3) | = p¥. Then |G| = p"™** < p¥ so w < r. Since G/ (oy) is
generated by g3 (1), w is the minimal ¢ such that a’; € {01). Replacing o, and
o3 by appropriate powers, if necessary, we may suppose that g9 = U{’u agu for
some u,v with 0 < u < 7 and 0 < v < w. We claim that u = v = 0. Suppose first

pw—l _ pu+w—1 pv+w—1 _ pu+w-1 pw y=-1 _ pu-}-w—-l
that v > 1. Then o} = of g = o} (6§ ) =0}

(o1), contradicting p* = |G/ (o1)|- Thus v = 0. Now suppose u > 1. Then
pr—-l _ pu r—1 pr—l _ pr w—1 pr-—l _ pr—l . pr—l .
oy =01 0§ =(o] ) of =o0f .Sincew<r—-1,0f =1g

-
and so 5 = 1g, contradicting our choice of g, as having order p”. Thus
02 = 0103.

Let L = E°2. Since L/K is a cyclic layer of E/K, it suffices to show that L
splits a. Fix ¢ with 1 <4 < 2. Since (0;) C Gal(E;,/K,,) C Gal(E/K) = (01,02)
and since Gal(Es,/K,,) is cyclic, it follows that (o;) = Gal(Es,/K,,). Let Z;
denote the decomposition field of m; in L. Since G is abelian, 7; splits completely
in both Z; and E? and so also in Z;E%. But every extension of m; to E is
undecomposed in E and so Z; C E%. Since (03,01) = {03,02), LN E% = K.
Since Z; C L, it follows that Z; = K. But then 7; is undecomposed in L and so
7; has a unique extension 7; to L. Since [L.,: K] = [L: K] = p", L splits a.
|

THEOREM 11: Let E be a finite Galois extension of the global field K. Let p be
a prime and suppose that each Sylow p-subgroup of Gal{E/K) is either abelian
or of exponent p. Then Br(E/K)y, C C(E/K).

Proof: By Proposition 7 and Lemma 10, we may assume that Gal(E/K) is a p-
group of exponent p. By Proposition 3(3), Br(E/K )y, has exponent p. Theorem
11 now follows from Theorem 9. ]

As noted previously, there exist examples where G is an abelian p-group and
Br(E/K) # C(E/K). Such examples can not, however, exist if E is everywhere
unramified over K. As an immediate corollary of Theorem 11, we have:

COROLLARY 12: Let E be a finite Galois everywhere unramified extension of the
global field K. Assume that each Sylow subgroup of Gal(E/K) is either abelian
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or of prime exponent. Then Br(E/K) = C(E/K).

Given any finite group H, by the theorem of Scholz-Frohlich-Uchida [Sc, Satz 6]
(or [F]), there exist algebraic number fields E O K with E Galois and everywhere
unramified over K and with Gal(E/K) & H. Assume then that G is isomorphic
to the quaternion group of order 8 and that £ is everywhere unramified over K.
We will prove that Br(E/K) # C(E/K), showing that some restriction on the
structure of the Sylow subgroups of Gal(E/K) is necessary in Corollary 12. We
begin with a technical lemma.

LEMMA 13: Assume that G is isomorphic to the quaternion group of order 8
and that E is an everywhere unramified extension of K. Let ¢ € G have order
4. For a € Br(E/K), let S(a) denote the set of primes # of K such that
both Li.;(a) = 4 and 7 has some extension to E which has ¢ as Frobenius
automorphism. If o € Br(E/K) with |S()| odd, then |S(a + corf(8))] is also
odd for every cyclic layer L/F of E/K and every basic element 3 € Br(L/F}).

Proof: Let o € Br(E/K) with |S(a)| odd, let L/F be a cyclic layer of E/K,
let 3 € Br(L/F) be a basic element, and let v = cork;(8). Let 6; and 65 be
the primes of F' at which 3 has non-zero Hasse invariant and let §; denote the
restriction of 6; to K for i = 1,2. If §; = 05, then v = 0 since invg, (8) =
—invg, (B). Thus we may assume that 61 # 6. Then inve, (y) = invg (B) for
i=1,2, and L.ig,(v) = L.1.4,(7). Let = be a prime of K. Since E is everywhere
unramified over K, L.i,(a) < 4 and l.iz(y) < 4 by Proposition 3(3). Thus
inv.(a),inv.(v) € {0,1/2,1/4,3/4}, inv,(a + 7) = inv,(a) if 7 ¢ {61,602}, and
inv,(a+7) = inv,(a)+inv.(y) if 7 € {61,082} In particular, if1.1.g, (y) < 4, then
S{a) = S(a+ ) and so we may assume that l.i.g,(7) =4 for ¢ = 1,2. It follows
that exp() = 4 and so L/F is a cyclic layer of E/K of degree divisible by 4.
Since G is isomorphic to the quaternion group of order 8, G has no homomorphic
images which are cyclic of order 4 and so L = E and [E: F] = 4. If neither 6,
nor 6, has an extension to £ having ¢ as Frobenius automorphism, then clearly
S(a) = S(a+ ) and so we may assume that 6; has an extension to E having
o as Frobenius automorphism. We will show that this forces 85 to also have an
extension to E having o as Frobenius automorphism.

Since E splits 3, 6; is undecomposed in F for ¢ = 1,2. In particular, since o
is the Frobenius automorphism for some extension of 8; to E, (o) C Gal(E/F).
It follows that Gal(E/F) = (o). Let 7 be the Frobenius automorphism of some
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extension § of 6, to E. Then 7 also has order 4. Suppose that 7 is not conjugate
to 0. Since o and o2 are conjugate in G, 7 is also not conjugate to 3. Thus
7 is not conjugate to any element of (¢} and so left multiplication by 7 acts
as a transposition on the cosets of (¢) in G. By [J, Proposition 2.8, page 101],
#; is undecomposed in F'. Since 6, is undecomposed in E, it follows that 6,
is undecomposed in E and so [Es: Kg,] = 8 = |G|. Thus Gal(Es/Ky,) = G.
But Gal{E;/Ky,) is cyclic since E is everywhere unramified over K and so G is
cyclic, a contradiction. This shows that 65 also has an extension to E having o
as Frobenius automorphism.

Let 7 be a prime of K having an extension to F having ¢ as Frobenius au-
tomorphism so 7 € S(a + ) if and only if Li,(a+v) = 4. If 7 ¢ {01,602},
then inv,(a + 7v) = inv,(a) and so 7 € S(a + ) if and only if Li,(a) = 4.
If # € {61,602}, then inv,(a + v) = invy(a) + inv,(y) and so 7 € S{a + %)
if and only if Lir(a) < 2. A routine verification shows that |[S{c + v)| €
{IS(a)] = 2,|S(a)},|S(a)| + 2} and so is odd. |

PROPOSITION 14: Let E be a finite Galois everywhere unramified extension of
the global field K. Assume that Gal(E/K) is isomorphic to the quaternion group
of order 8. Then Br(E/K) # C(E/K).

Proof: Let § = Gal(E/K) = {(01,02). Then o, and o2 have order 4 and
are not conjugate in §. Fix ¢ with 1 < 7 < 2. By the Tchebotarev Density
Theorem [J, Theorem 10.4] there exists a prime §; of E having o; as Frobenius
automorphism. Let #; denote the restriction of §; to K. Let a € Br(K) be the
basic element of Br(K) of order 4 having non-zero Hasse invariants at m; and
ng. Then a € Br(E/K) since every extension of m; to E has local degree 4 for
i =1,2. Suppose that @ € C(E/K). Then there exists a set L1/F1,...,L./F,
of cyclic layers of E/K and 8; € Br(L;/F;) such that & = S7_, corf (). By
Lemma 1, we may assume that each 3; is basic. Let v; = —corfé(ﬁi). Then
a+ Y17 =0. Set ap = a and q; =a+2{=1% for1<j<r. Leto=o0,
and let S(e;) denote the set of primes 7 of K such that both Li.x(a;) =4 and 7
has some extension to F which has o as Frobenius automorphism. By definition
of a, S(ap) = {01} since o2 is not conjugate to oy. Proceeding by induction on
J, it follows from Lemma 13 that |S(a;)| is odd for 0 < j < r. In particular,
ar # 0, contradicting e+ Y _;_, 7 = 0. ]

We remark that a similar result holds if Gal(E/K) is isomorphic to the wreath



Vol. 96, 1996 CORESTRICTIONS OF CYCLIC ALGEBRAS 257

product of the cyclic group of order 3 with itself. The proof is similar to that
of Proposition 14. We conclude with the promised example showing that the

converses of the assertions in Proposition 7, (1) and (2), do not, in general, hold.

PROPOSITION 15: Let H = (o,7) be the quaternion group of order 8 and let
G be the semi-direct product of H with the cyclic group of order 3 generated
by v where v permutes o, T, and or transitively. Let E be a finite Galois
everywhere unramified extension of the global field K and assume that Gal(E/K)
is isomorphic to G. Let M = E™. Then Br(E/K ), = C(E/K), but Br(E/M), #
C(E/M),.

Proof: Br(E/M)s # C(E/M)s by Proposition 14. Let a be a basic element of
Br(E/K), and let 7y and 75 be the primes of K where « has non-zero Hasse
invariant. By Proposition 3(3), exp(a) divides the exponent of G so exp(a) = 2
or 4. If exp(a) = 2, then o € C(E/K)s by Theorem 9 so we may assume that
exp(a) = 4. Let & and 63 be, respectively, extensions of 71 and 4, respectively,
to E. Since E/K is everywhere unramified, Gal(Es, /K ,) is a cyclic subgroup of
G for ¢ = 1,2. Since E splits a, 4 divides [Es,: K] and so Gal(Es, /Kx,) = {03)
for some o; € H of order 4. But all elements of order 4 in H are conjugate in
G. By Proposition 4, o € C(E/K). Since « is an arbitrary basic element of
Br(E/K)s, Br(E/K)y = C(E/K)2 by Lemma 1. |
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